The Tohoku-Ebara barotropic model for cavitating flow is evaluated against the popular Zwart transport model. Computations are run for a 2D hydrofoil cascade and aim to predict the steady state sheet cavitation. Two numerical approaches are applied: a specifically developed in-house solver, implemented with the Tohoku-Ebara State Law; and the ANSYS-Fluent commercial suite which includes the Zwart transport terms. The features of interest are those directly associated to cavitation or vital to blade design, i.e. water vapour volume fraction and blade pressure.
Introduction
In hydraulic machinery, cavitation is responsible for the breakdown of hydraulic power transformed by the rotating element, material erosion and vibration. It is naturally a critical factor in the operation of hydraulic machinery as it affects the range, noise level and life expectancy of the mechanical system. Being able to accurately predict the character of sheet cavitation is, therefore, an essential step in the design process. To that end, both homogenous and non-homogeneous mixture models have been developed. The latter multiphase approach has been applied to attached cavity flows by Chen and Heister [1] and Deshpande et al. [2] but is unable to capture detachment features without a costly computational load. The more widespread homogeneous models treat the cavitating medium as a single phase of varying density. The multitude of techniques constructed to compute the density value can be split into two major categories: i. pressure-density coupling; ii. void fraction transport equation [3] . In this study, instances emerging from both classes of cavitation models, i.e. the Tohoku-Ebara State Law (pressuredensity coupling) developed by Nohmi et al. [4] and the Zwart-Berger-Belamri model (void fraction transport) [5] , are assessed and compared. Analysis is carried out on the most fundamental turbomachinery element: the 2D hydrofoil cascade, which constitutes an ideal starting point for enhancements towards full turbomachinery design. The scope of the work presented here is limited to the computation of steady state attached cavity flows. The features of interest are those directly associated to cavitation or vital to blade design, i.e. water vapour volume fraction and blade pressure. Of particular importance, is the behaviour at cavitation closure as it has a direct impact on the erosive aggressiveness and vibration levels. An In-house CFD solver has been purposefully developed to incorporate the Tohoku-Ebara (TE) model. It uses the low dissipation upwind SLAU scheme for flux discretisation [6] and is augmented with preconditioning and multigrid for computational efficiency. Results using the Zwart model are obtained from the commercial ANSYS-Fluent solver which has it set as its default configuration.
Tohoku-Ebara Barotropic Model
For pressure-density coupling methods in general, the mixture density is directly related to the pressure by a barotropic law of the form = ( ). Usually, three states, the pure liquid water, pure water vapour and transition state, are considered separately and carry their own properties. On the other hand, the TE model takes its inspiration from the equation of state built by Iga et al. from Tohoku University [7] which merges the transitional and pure liquid states by combining the Tammann and Ideal Gas laws. The definition for each of the model variables are given in Table 1 along with their corresponding values. The void fraction α is evaluated by comparing the density ratios such that:
Zwart-Gerber-Belamri Transport Model
For void fraction transport models, the mixture density is not directly given by the pressure but deduced from the relation = + where and are constant saturation values. The evaluation of is achieved by adding to the Euler or NS equations the mass transport equation of the form
The different transport models are concerned with providing a definition for the condensation term ̇+ and evaporation term ̇−. In the method proposed by Zwart et al., which is itself an update of the Kubota model [8] , the nuclei density is assumed constant with bubble growth and shrink rates obtained from the simplified form of the Rayleigh-Plesset equation for single bubble dynamics [5] . The condensation and evaporation terms are given by
where is the nucleation site volume fraction, is the nucleation site radius, and are two calibration coefficients for the evaporation and condensation rates respectively. In this study, the values recommended by Zwart et al. are chosen because they have been shown to perform for a variety of cases: = 5 × 10 −4 , = 10 −6 , = 50, = 0.01 [8] .
Numerical Methods
To assess the performance of the TE model, a novel CFD solver for cavitating flow has been specifically developed. The scheme is designed to solve the steady state 2D isothermal compressible Euler equations. In conservative form and including the preconditioning matrix , the governing equations are expressed as
where , the primitive variable vector, and , the inviscid flux vector, are given by:
is the contravariant velocity taken at each control volume face with normal vector = ( , ), and = −2 is the preconditioning variable responsible for clustering the acoustic wave speeds. The reference velocity is derived by combining the multidimensional eigenvalue analysis laid out by Turkel [9] and the conservative flux formulation proposed by Weiss & Smith [10] . This allows the amount of preconditioning to be weighted according to local mesh topology and offers far higher convergence and robustness gains. Flux discretization follows the upwinded SLAU scheme developed by Shima & Kitamura [6] . It was selected for its sharp shock resolution and applicability to arbitrary equations of state. Face values are constructed using a constant piecewise approximation. To further enhance robustness and convergence rate, an adapted multigrid technique was implemented. Its specificities are mainly contained within the restriction and prolongation operators which must be able to accommodate the coexistence of hypersonic flow ( > 10 in water vapour regions) and low speed flow ( ≈ 0.1 in liquid water regions), as well as the high pressure and density gradient located at cavitation closure. To that end, techniques employed for hypersonic flow problems such as upwinded residual smoothing and a shock weighting operator have been built into the solver [11] [12] . For the Zwart transport model, numerical solutions are provided by ANSYS-Fluent. Solver parameters are configured for inviscid flow and pseudo-transient time marching.
Hydrofoil Cascade
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The hydrofoil profile was extracted from the geometry of a specifically designed axial flow pump impeller. The pump's features are: purposefully large impeller diameter to minimise flow variations in the radial direction; number of blades set to obtain a solidity ratio (chord/pitch) close to 1.5 so that ℎ = 0.1358 and ℎ = 0.09053 ; and consistent blade profile in the radial direction. In our 2D stationary analysis, a single channel is made up of 32 and 160 cells in the tangential and meridional directions respectively in an H-type grid configuration (see Figure 1 ).
Boundary Conditions
At design point, the meridional component of velocity at inlet has a fixed value ∞ = 10 −1 and flow enters the domain at an angle = 46.321°. The boundary conditions are set such that the velocity/mass flow condition is ensured. For the In-house TE solver, total pressure and flow angle are defined at the inlet, while mass flow rate is specified at the outlet. Because ANSYS-Fluent does not allow mass flow boundary conditions in 2D configurations, velocity module and angle are defined at inlet, and the static pressure is set at outlet. The cavitation number = ( ∞ − )/(0.5 ∞ | ∞ | 2 ) is adjusted by tuning either the inlet total pressure for the In-house TE solver, or the outlet static pressure in ANSYS-Fluent.
Results and Discussion
Preliminary numerical experiments are carried out in non-cavitating conditions for both TE and Zwart models. The treatment of the pure liquid phase is significantly different: in the case of the TE State Law, which is applied for all > , the density is variable producing an inherently compressible fluid; for the method proposed by Zwart et al., on the other hand, mixture density is constant at = as → 0. The case is run using both approaches at cavitation number = 0.891
). The blade and density distributions presented in Figure 2 show that the variable density computed by the TE model does not significantly affect the static pressure which coincides well with the result provided by the Zwart-Fluent solver. The discrepancy in density is balanced out by differences in fluid velocity. To assess the cavitation prediction performance, the hydrofoil cascade is run for gradually decreasing inlet pressure values. The lowest pressure corresponds to the transition point between steady sheet cavitation and the onset of vapour break-off phenomena which cannot be accurately computed without unsteady analysis. Non-dimensional pressure coefficient results are shown in Figure 3 . In the solutions produced by both models, the cavitation region is characterised by the flattening of the suction side pressure curve and a sharp rise at closure. There are, however, significant differences. For instance, the gradient at closure shock is higher in the case of the TE model than the Zwart model. The cause for this is the larger counter-streamwise spread of the cavity predicted by the TE State Law. As a result, the deceleration at closure is stronger giving rise to a more pronounced static pressure gain. More importantly, there is a clear discrepancy in the onset of cavitation: for the Zwart model results, water vapour starts to appear around 0.68 > > 0.66, whereas with the TE model we observe cavitation at = 0.75. This disparity also affects cavity size, e.g. at = 0.642 the location of the vapour region closure is at ℎ ⁄ ≈ 0.3 for the Zwart results and at ℎ ⁄ ≈ 0.4 for the TE results. The amount of turning ∆ generated by the cascade is measured by the difference in the tangential component of the mass flow averaged velocity between inlet and outlet, i.e. ∆ = � � − � �. Like lift, it is used to evaluate the cascade's work output but provides advantageous insight when applied to turbomachinery design. Its value has been shown to be proportional to blade loading so, naturally, the effect of cavitation appears in the downgrading of the ∆ output (see Figure 4) . The mechanism responsible for the breakdown is the expansion of the low velocity wake region as the cavity grows. As expected, the early onset of vapour formation predicted by the TE model is observed in the ∆ curve with a decrease initiated at = 0.75 instead of = 0.66 for the Zwart model. 
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Conclusion
By analysing the numerical results obtained for the hydrofoil cascade following both Zwart and TE approaches, we have been able to pick up the following discrepancies in the rendering of the sheet cavity:
• Sharper pressure rise at cavitation closure for the TE solution, caused by the wider extent of the cavity in the counter-streamwise direction which amplifies passage blockage.
• With the TE model, cavitation is initiated at higher cavitation numbers leading to an early breakdown of the cascade's work output. Experimental assessment of the hydrofoil cascade under the same conditions is to be carried out to properly assess the accuracy of each model. Results will be presented in a follow-up paper. 
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